This paper is motivated by modeling the procedure of formation of a composite material constituted of solid¯bers and of a solidifying matrix. The solidi¯cation process for the matrix depends on the temperature and on the reticulation rate which thereby in°uence the mechanical properties of the matrix. The mechanical properties are described by a viscoelastic medium equation of KelvinÀVoigt type with rapidly oscillating periodic coe±cients depending on the temperature and the reticulation rate. That is modeled as an initial boundary value problem with time-dependent elasticity and viscosity tensors to account for the solidi¯cation, and the mechanical and/or thermal forcing. First we prove the existence and uniqueness of the solution for the problem and obtain a priori estimates. Then we derive the homogenized problem, characterize its coe±cients including explicit memory terms, and prove that it admits a unique solution. Finally, we prove error bounds for the asymptotic solution, and establish some related regularity properties of the homogenized solution.
Introduction
We are motivated by modeling and analyzing the behavior of a composite material made of solid¯bers included in a resin (solidifying matrix) which becomes solid when it is heated up (which is known as a reaction of reticulation). We formulate and rigorously analyze a homogenization problem for a relevant viscoelastic initial boundary value problem with time-dependent coe±cients, derive homogenized equations and establish error bounds, executing thereby a part of the program announced in Ref. 1 . The solidi¯cation process depends on the temperature and on the reticulation rate, described by the heat equation coupled to a kinetic equation. For a composite material which has a periodic geometry with a small period " > 0 corresponding to the distance between neighboring¯bers, a homogenization technique applied to this problem in Refs. 20 and 21 reduces it to a homogenized problem with constant coe±cients. Certain error bounds have been proved for the di®erence between the exact solution and the solution of the homogenized problem. In particular, an error bound on the di®erence between the exact temperature T " (x, t ) and the homogenized temperature T 0 (x, t) has been obtained. 20, 21 In the present paper, the temperature evaluated at the¯rst stage, as well as the reticulation rate depending on it, are assumed to in°uence the mechanical properties of the composite material. Namely, the mechanical properties are described by a viscoelastic medium equation (KelvinÀVoigt model) with rapidly oscillating periodic coe±cients depending on the temperature and the reticulation rate, that is, on the solution of the above heat transfer problem. 20, 21 Speci¯cally, the deformation of a viscoelastic medium under the thermal in°uence is described by the following problem: solved, and then its solution is used in the viscoelastic equation (1.1). There is a high interest in combined models of this type, see for example a recent paper 2 where a viscoplastic model is considered taking into account a nonlinear hardening e®ect. Our model (1.1) however takes into account the dependence of the viscoelastic properties on the temperature. Let us replace T " by T 0 (the solution of the homogenized heat problem) in the coe±cients A ij and B ij of problem (1.1) and denote by u " T 0 a solution of this problem. This new problem with the unknown u " T 0 can be regarded as a particular case of a time-dependent problem for the KelvinÀVoigt equation. The elastic and viscous tensors are thereby assumed to depend on the homogenized temperature T 0 (and hence on x and t) in order to re°ect the partial solidi¯cation of the medium when the temperature decreases. We will hence further consider the following viscoelasticity initial boundary value problem with time-dependent coe±cients.
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Here the linear elastic tensor A ij ðx; t; Þ and the viscosity tensor B ij ðx; t; Þ are matrixvalued entities: A ij ðx; t; Þ ¼ ðA kl ij ðx; t; ÞÞ 1 k;l n , B ij ðx; t; Þ ¼ ðB kl ij ðx; t; ÞÞ 1 k;l n , which are periodic with respect to . When the point ¼ x=" belongs to a¯ber, A kl ij ðx; Þ are respectively the elasticity, the viscosity and the density coe±cients of the¯ber, otherwise their values describe the related physical properties of the resin. Since the temperature and the reticulation rate change with x and t, so do A ij and B ij .
A scalar case with time-independent coe±cients was studied in Ref. 13 using the Laplace transform methods, with a \fading long-term memory e®ect" observed. This e®ect for viscoelasticity (with time-independent coe±cients) has been¯rst discovered by Sanchez-Palencia in Ref. 26, Chap. 6 . A more detailed result involving the weak convergence of the displacement¯eld of a body to the displacement¯eld of a homogenized material with fading memory has been obtained by Francfort and Suquet in Ref. 16 ; moreover Ref. 16 studied also homogenization of the viscous dissipation term in the heat equation, although the coe±cients were still time-independent.
One of the aims of the present paper is to rigorously establish that the memory e®ect takes in fact place in a general situation of time-dependent vector problem. In this case the Laplace transform methods cease to be applicable, and we develop instead a version of the method of asymptotic expansions, supplemented by its rigorous justi¯cation, including establishing the error bounds. Mathematically, the memory e®ect is a particular example of more general \nonlocal" e®ects emerging as a result of homogenization. Various aspects of the latter have been extensively studied and documented in the literature, see e.g. Refs. 3, 4, 6, 8À12, 15, 17, 23b, 24, 27 . The present problem nevertheless, from the mathematical point of view, bears essential speci¯cs. Addressing those requires developing certain nontrivial modi¯-cations of both the general theory of systems of viscoelasticity type with variable coe±cients and of the nonlocal homogenization theory with relevant novel error bounds, addressed in this paper.
One of the main results of the paper is in establishing the structure of the homogenized equation corresponding to (1.2) . Namely, we show that under appropriate technical assumptions it has the following form: 
Here b is the mean value of density , andÂ ij , b B ij , b D ij , andÊ ij are \homogenized" characteristics explicitly expressible in terms of solutions of appropriate \unit cell" problems, see Secs. 3.1 and 3.2. In particular, the \memory" (or \nonlocal") terms are those containing the integro-di®erential operators with the kernels b D ij andÊ ij , explicitly given by (3.27b). The central error bounds on the di®erence between the exact solution and the homogenized solution are established in Theorem 3.3.
We will adopt following notational conventions throughout the paper. In (1.2) and, henceforth, the summation with respect to repeated indices is implied. A matrix followed by a vector implies a standard multiplication of the matrix by a vector, being a vector; Q ¼ ½0; 1 n denotes the reference periodicity cell; C 1 # ðQÞ stands for the subspace of in¯nitely smooth functions C 1 ðR n Þ whose elements are periodic with respect to Q, i.e. one-periodic with respect to each of its n variables; H 1 # ðQÞ and L 2 # ðQÞ denote the closures of C 1 # ðQÞ in the norms of the standard spaces H 1 ðQÞ and L 2 ðQÞ, respectively. For any functional space X, we denote the space X n by X, and for any tensor M ¼ M kl ij 2 M n 2 Ân 2 ðRÞ (the set of n 2 Â n 2 real matrices), we denote by I M ðu; vÞ the bilinear form
Similarly, we de¯ne I M ðu; vÞ Q for all u; v 2 H 1 # ðQÞ by the same formula with replaced by Q.
We start by analyzing the general problem (Sec. 2). Namely, we use a version of the Galerkin's method (see e.g. Ref. 14) to prove that for all " > 0, Eq. (1.2) together with boundary condition (1.3) and general initial conditions speci¯ed below, admits a unique solution, and we obtain a priori estimates for the solution. Then, in Sec. 3, we develop a modi¯cation of the traditional techniques of the method of asymptotic expansions (see, e.g. Refs. 5, 7 and 26) to derive the homogenized equation and to characterize its coe±cients. Afterwards we establish that the homogenized problem admits a unique solution v and study the convergence of the exact solution to the approximate solution as " tends to zero, obtaining tight error bounds on the di®er-ence between them, Theorem 3.3. Finally we study related regularity properties of the homogenized solutions (Sec. 4). We derive su±cient conditions for the regularity for a speci¯c case but under rather generic assumptions on the viscosity and elasticity coe±cients, allowing them to be microscopically spatially discontinuous as, for example, in a matrix-inclusion composite. We remark in passing that error bounds for elliptic problems with less regular coe±cients have recently been obtained, see e.g. Ref. 28 .
Existence and Uniqueness for Original Problem
Let be a bounded domain of R n (n ! 2Þ with a Lipschitz boundary, a positive real number, and let :¼ Â ð0; Þ. Let for all i; j ¼ 1; . . . ; n and all x 2 ; 2 Q, and t 2 ð0; Þ the tensors A ij ðx; t; Þ and B ij ðx; t; Þ belong to M n;n ðRÞ, being measurable functions of their arguments, periodic in . We will set ¼ x=" for any positive " and will regard A ij and B ij as functions on , depending on " as a parameter, assuming A ij ðx; t; Þ and B ij ðx; t; Þ have su±cient regularity for this to make sense, as will be speci¯ed further later in the paper. At the moment we assume that:
(H1) For all " > 0 and i; j ¼ 1; . . . ; n, both A ij and its time derivative _ A ij belong to L 1 ð ; M n;n ðRÞÞ. Moreover, there exists a positive constant independent of ", x and t, such that jjA ij jj L 1 ð Þ À1 and jj _ A ij jj L 1 ð Þ À1 . (H2) For all " > 0 the tensors B and _ B belong to L 1 ð ; M n 2 ;n 2 ;sym ðRÞÞ, where M n 2 ;n 2 ;sym ðRÞ is the set of symmetric (elasticity) tensors such that B In assumptions (H1) and (H2) we employed the L 1 ð Þ-norm of an n Â n matrixvalued function, which can be de¯ned, for example, as the L 1 -norm on for the matrix Euclidean norm.
We consider deformation of a viscoelastic medium with thermal e®ects, with rapidly oscillating properties in , described by the initial boundary value problem:
The following theorem establishes the existence, uniqueness and a priori estimates for a weak solution to the above initial boundary value problem: 
We aim next at estimating all the terms in the right-hand side of (2. Use (H1)À(H2) and the Poincar eÀFriedrichs inequality for the terms on the righthand side of (2.9) and apply (2.10). Thus we check that there exists a constant c 1 , e.g. c 1 ¼ 4 maxfð1 þ CðÞ 2 Þ À1 ; 2n 4 À4 g where CðÞ > 0 is the constant appearing in the Poincar eÀFriedrichs inequality, such that
We deduce from (2.11) that By using the symmetry properties of B ij (Assumption H2), we can write the last identity in the following form: In the same manner as previously, in order to estimate the right-hand side of the last identity via I B ðÁ; ÁÞ , we use (H1) and (2.10) to justify that there exists a constant c 2 (e.g. c 2 ¼ maxf
Multiply then the last inequality by a real > 0 and add it to (2.12) to arrive at
where, for example,
m ðtÞÞ : Lemma 2.1. For 0 < < 4 1 CðÞ 2 , there exists a constant c 4 , depending only on and , such that, for 0 t , the following inequality holds:
Proof. By using assumptions (H1) and (H3), the Poincar eÀFriedrichs inequality and (2.10), it is easy to see that for 0 < =ð4 1 CðÞ 2 Þ we have Thus we deduce that Then, by the Gronwall's inequality (e.g. Ref.
14, Sec. B2.j), we deduce that S ðtÞ e c 5 t S ð0Þ þ
Finally, comparing the last inequality with (2.15), we obtain (2.14) with e.g.
Now we will use inequality (2.14) to establish a priori estimates for u " m . Indeed, we estimate the term on the left of (2.14) from below by using (2.10) and thus we check that for all t 2 ½0; we have 
where * Ã denotes the weak-star convergence. Lastly, we integrate identity (2.7) over ½0; (integrating the¯rst term once by parts in t) and pass to the limit as m 0 ! 1 using the above convergence results. So we prove that u " satisfy (2.5) and (2.6). In the same way we pass to the limit in estimates (2.16) and (2.17) and prove that u " satisfy the estimate (2.4) of the theorem. Thus we have proved that there exists a function u " belonging to H 1 ð0; ; H 1 0 ðÞÞ and satisfying the weak formulation of problem (2.1) and (2.3).
In order to prove that the above solution is unique, it su±ces to show that problem (2.5) and (2.6) with f ' 0 has no nontrivial solutions. To verify this, we¯x 0 s and substitute vðx; tÞ ¼ Z s t u " ðx; rÞdr; when 0 t s;
0;
when s t ;
< :
into the identity (2.6), adopting in this case the form
After integration by parts in the¯rst and the second terms, we obtain
Now, by using (2.10), we estimate the right-hand side of (2.18) via I B ðÁ; ÁÞ and obtain inequality
Finally, we choose ¼ 1 small enough so that 1 < 2 4n 2 . The latter estimate implies that for any s in ½0; 1 , we have jju " ðsÞjj L 2 ðÞ ¼ 0. Finally, if 1 < , we apply repeatedly the same argument on the smaller intervals within ½0; to deduce that u " 0.
Asymptotic Expansion of the Solution
In this section, we consider the above model of a viscoelastic deformation of an "-periodic composite material, treating now " as a small parameter. The functions ðÞ; A ij ðx; t; Þ, and B ij ðx; t; Þ are Q-periodic with respect to (e.g. with the unit periodicity cell Q). We assume that these functions satisfy hypotheses fully analogous to (H1)À(H3), as clari¯ed later. We describe the asymptotic behavior of the solution of problem (1.2)À(1.4) when " is small.
According to the traditional asymptotic expansion method, a formal asymptotic solution to the problem (2.1)À(2.3) is sought in the following two-scale form:
Here vðx; tÞ is the leading term, Nðx; t;
x " Þ is the \corrector"-term found from appropriate \unit cell" problem, and Nðx; t; Þ; u ð2Þ ðx; t; Þ are assumed to be Q-periodic in . Near the boundary @ the asymptotic expansion (3.1) is expected to be supplemented by a usual \boundary layer"(cf. e.g. Ref. 5, Chap. 9) .
Substituting the ansatz (3.1) into (2.1) and collecting formally the terms with equal powers of ", we obtain a sequence of initial boundary value problems which will be stated explicitly later on. A key role in the subsequent asymptotic constructions will be played by various versions of the following \cell" problem, which we¯rst study here in some generality. For any x 2 , we seek uðx; Á; ÁÞ 2 H 1 ð0; ; HÞ such that Henceforth, the angular brackets with subscript denote the mean of the appropriate function with respect to :
We will also make use of space H # ðQÞ, hgi is de¯ned as hg; 1i, where 1 is the identical unity for all the components, with the latter de¯nition being consistent with (3.5) for more regular g, e.g. g 2 L 2 ðQÞ. The proof of Theorem 2.1 is fully analogous to that of Theorem 1.1. Namely, for the existence we use the Galerkin approximations techniques in H (exploiting the invertibility of the matrix analogous in the new variables to I B ðw i ; w j Þ), and the uniqueness follows immediately from a straightforward modi¯cation of the Gronwall's inequality. We do not reproduce the proof here.
We next study regularity properties of the solutions to the problem (3.2)À(3.3). Mathematically, the latter is subsequently required for constructing the \higher-order" terms in the asymptotic expansion and for eventually obtaining the error bounds. Physically, the dependence of the viscoelastic coe±cients A ij and B ij on x and t results from the dependence of these coe±cients on the temperature. Consequently, the regularity of the temperature in x and t studied e.g. in Ref. 7 determines the regularity of A ij and B ij on x and t, which allows us to study the regularity of the solution of problem (3.2) and (3.3). With this aim we state and proof the following lemma.
Lemma 3.1. Let uðx; Á; ÁÞ 2 H 1 ð0; ; HÞ be the unique solution of problem (3.2) and (3.3) and assume that A ij ; B ij 2 C p ð ; L 1 ðQÞÞ; 2 C p ð; HÞ and g 2 C p ð ; H À1 ðQÞÞ, for some p ! 1. Then we have u; _ u 2 C p ð ; HÞ:
Proof. The proof is by induction in p, i.e. via a version of a \bootstrap" argument. ch 1=2 ! 0 as h ! 0 with appropriate constant c. Let next the assumptions of the lemma hold for p ¼ 1 and let us prove that then u; _ u 2 C 1 ð ; HÞ. Initially we will use only the fact that 2 Cð; HÞ and g 2 C ð ; H À1 ðQÞÞ.
For any¯xed value of x in and for any vector h 2 R n such that x þ h 2 , we have uðx þ h; Á; ÁÞ 2 Cð½0; ; HÞ. We subtract Eq. (3.2) written down for x from the same equation with x replaced by x þ h and integrate the result over Q Â ½0
where h ðx; Þ ¼ ðx þ h; Þ À ðx; Þ, and
From (3.6) we obtain
The continuity of functions A ij ; B ij ; ', and g on implies that the term on the righthand side of the last inequality tends to zero as h vanishes, and consequently, jju h jj H converges to zero as h ! 0 for any t in ½0; . Then, using the fact that u 2 Cð½0; ; HÞ for any x in , we deduce that, for any ðx; tÞ 2 , the following relation holds:
jjuðx þ h; t þ ; Þ À uðx; t; Þjj H ! 0; when ðh; Þ ! ð0; 0Þ in R nþ1 :
So u 2 Cð ; HÞ and now we will prove that _ u belongs to Cð ; HÞ. To this end, wē x ðx; tÞ in and write (3.2) in the form:
Here,
By using (H1) and (H2) and the Korn inequality which is valid for any u in H 1 ðQÞ we conclude that the H-norm and ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi I B ðÁ; ÁÞ Q p are equivalent. Therefore, there exists a constant c depending only on and the space dimension n, such that
Since the last inequality holds for all ðx; tÞ 2 , we use the same techniques as above to prove that for small parameters ðh; Þ 2 R nþ1 , such that ðx þ h; t þ Þ in , we have jj _ uðx þ h; t þ ; Þ À _ uðx; t; Þjj H cjjGðx þ h; t þ ; Þ À Gðx; t; Þjj H À1 ðQÞ :
Taking into account that u, g, A ij , and B ij are continuous on one can
Now we will study the di®erentiability of u with respect to x. To this end, we¯x a positive integer l n and di®erentiate formally Eq. (3.2) with respect to x l . As above, we check that there exists a function u such that u; _ u 2 Cð ; HÞ, satisfying the following:
@A ij @x l @u @ j . By using (3.6) and the same techniques as above, we check that for a small scalar parameter and for all x 2 , we have jjũ À ujj L 1 ð0;;HÞ C 2 jjðũ À uÞð0Þjj H þ jjg jj L 2 ð0;;H À1 ðQÞÞ ; whereũðx; t; Þ ¼ uðxþe l ;t;ÞÀuðx;t;Þ ; ðe l Þ 1 l n is the canonical basis of R n , and
A ij ðx þ e l ; t; Þ À A ij ðx; t; Þ @u @ j ðx þ e l ; t; Þ þ gðx þ e l ; t; Þ À gðx; t; Þ :
Then, taking into account that u and _ u belong to Cð ; HÞ and using the assumption of the lemma (for p ¼ 1), we prove that @u @x l exists and is equal to u. Thus we have
The remainder of the proof repeats the above argument with minor modi¯cations. Namely, assume that the statement of the lemma is valid for some positive integer p and suppose that 2 C pþ1 ð ; HÞ; g 2 C pþ1 ð ; H À1 ðQÞÞ, and A ij ; B ij 2 C pþ1 ð ; L 1 ðQÞÞ. Then the di®erentiation of (3.2) with respect to t implies that _ u satis¯es (3.2) with the right-hand side in C p ð ; H À1 ðQÞÞ. Similarly, di®erentiating (3.2) with respect to x l ; l ¼ 1; . . . ; n, we check that @u @x l is a solution of (3.2) with the right-hand side belonging to C p ð ; H À1 ðQÞÞ. Thus, the induction assumption implies that _ u; € u;
2 C p ð ; HÞ and we deduce the result of the lemma for p þ 1, completing the proof.
The main unit cell problem
Substituting the ansatz (3.1) into (2.1) and taking into account that v is independent of , the identi¯cation of the terms corresponding to order " À1 leads to the following equation: to comply with the¯rst initial condition in (2.3). This leads to a version of the main \unit cell" problem, typical for homogenization problems. By Theorem 3.1 its solution Nðx; t; Þ, periodic in , exists for any given vðx; tÞ such that @v=@x k ðx; ÁÞ 2 H 1 ð0; Þ for all x 2 and k ¼ 1; . . . ; n. The solution Nðx; t; Þ exists and is unique up to a function depending only on x and t (i.e. a constant with respect to ). To select a unique solution, we require that N has zero mean value with respect to . Henceforth, we apply this selection criterium whenever a boundary value problem with periodic conditions is stated, cf. Theorem 3.1. The following lemma establishes the structure of function N. Proof. We check here the \formal" part of the proof of Lemma 2.2. The existence and uniqueness of the solutions of these boundary value problems will be established later. From (3.10), we obtain Finally, using (3.14) and (3.15), we conclude that (3.17) transforms into the righthand side of (3.7) given by (3.8). Obviously (3.10) satis¯es also (3.9).
Lemma 3.2. The following representation holds:
Notice that according to (3.15), for any¯xed x and t, g B k are \standard" unit cell solutions corresponding to the elliptic operator with coe±cients B ij ðx; t; Þ in homogenization for the \classical" elliptic operators with periodic coe±cients (cf. e.g. Refs. 5 and 29), whereas g A k does not have such a direct \standard" analogue. Lemma 3.3. (i) Let the modi¯cation of assumptions (H1) and (H2) stated in Theorem 3.1 hold. Then for any k ¼ 1; . . . ; n, Eq. (3.14) admits a unique solution such that for all ðx; tÞ 2 ; g A k 2 H n . Moreover, there exists a constant C 3 which depends only on and n such that 
Make use of the equivalence between ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi I B ðÁ; ÁÞ Q p and the H-norm mentioned before. We check that the term on the left-hand side of (3.20) is a symmetric and positive de¯nite bilinear form on H n , while the right-hand side is a continuous linear form on H n . Thus, the LaxÀMilgram lemma implies the existence and uniqueness of the solution g A k 2 H n of (3.20) and we obtain the following estimate: jjg
In order to study the existence of the time derivative of g A k , we use the same argument as in the proof of Lemma 3.1 to conclude that _ g A k 2 H n exists and is bounded in the H n -norm by a constant depending only on . Thus we arrive at (3.18).
(ii) The proof of (3.19) is by induction in p and is similar to that in Lemma 3.1. First, we prove that the continuity of A ij on implies the continuity of g , also exist and are as regular as the solutions of (3.14) and (3.15).
Derivation of homogenized equation
The third term of ansatz (3.1), u ð2Þ ðx; t; Þ, solves the equation which results from equating the terms of order " 0 after substituting (3.1) into (2.1). This equation is of the form The above memory terms are consistent with those derived for a particular case of scalar problems with time-independent coe±cients in e.g. Ref. 13 , which are known to be generally present, see Ref. 13 , Sec. 4 for some explicit examples.
Existence and uniqueness of the homogenized solution
In this section, we study the existence and uniqueness of the homogenized solution v, which satis¯es the following problem formally derived above:
together with the constitutive relations (3.27) with \memory". Thus, by using (3.21) in the last inequality, we prove that b B ij are uniformly bounded and uniformly elliptic. (Notice in passing that the above properties of symmetry, uniform ellipticity and boundedness for the homogenized tensor are known to hold for \classical" elliptic problems of linear elasticity, e.g. Ref. 5 , according to which recipê B is associated with B, as mentioned above.) Similarly, it su±ces to use (3.18) in the de¯nitions ofÂ ij and the time derivatives ofÂ ij and b B ij to prove that they are uniformly bounded on H n by a constant c depending only on . Thus we have proved that, under the assumptions of the theorem, the homogenized coe±cients satisfy assumptions (H1)À(H3) (although the constants in the upper bounds may not be the same).
Now we can apply Theorem 1.1 to problem (3.29)À(3.31) forṽ with a given v. In particular, if f 0, then Let ¼ 1 > 0 be small enough for C 3 to satisfy C 3 < 1, implying that for any given f the mapping L is a contraction. Then the Banach¯xed point theorem implies that L has a unique¯xed point v ¼ṽ, which is the solution of problem (3.28) on 1 . Since for t 2 ½0; , we have vðtÞ 2 H 1 0 ðÞ, we can then repeat the above argument to extend our solution to the time interval ½ 1 ; 2 1 , and so on. After a¯nite number of steps we construct a solution existing on the interval ½0; . To prove uniqueness, it is enough to take into account thatṽ ¼ v in (3.34) and deduce that for C 3 < 1, the zero function is the unique solution of problem (3.28) with f 0.
Justi¯cation of the asymptotics
If v solves the homogenized problem (3.28), then, by its derivation, the solvability condition for Eq. (3.22) for u ð2Þ is satis¯ed. Hence there exists a solution u ð2Þ ðx; t; Þ of (3.22) .
Consider the following representation for the exact solution:
x; t; x " þ r " ðx; tÞ: ð3:35Þ
Our aim is to obtain an estimate for the \remainder" r " ðx; tÞ for " su±ciently small. In order to justify the asymptotic expansion of u " we will impose additional regularity assumptions on the viscoelastic coe±cients. Namely, we will assume that A ij and B ij are both smooth with respect to x and t, and periodic and piecewise smooth with respect to . More precisely, we will assume that there exist disjoint periodic subdomains
D m and that each D m is in H€ older class C 1; ð D m Þ of periodic functions, with 0 < 1. We hence require the physical characteristics of the composite media to be smooth (e.g. constant) in in each subdomain D m assumed itself having a su±ciently smooth boundary, but possibly discontinuous across their boundaries. Now by¯rst assuming that vðx; tÞ; Nðx; t; Þ and u ð2Þ ðx; t; Þ are smooth with respect to x and t in and piecewise smooth with respect to , we will prove the convergence of u " to v when the parameter " tends to zero and establish the relevant error bounds. In the next section we will describe su±cient conditions which ensure the validity of these assumptions on vðx; tÞ; Nðx; t; Þ and u ð2Þ ðx; t; Þ. Theorem 3.3. We assume that: Then there exists a constant C independent of " such that
Henceforth, we denote for a¯xed 0 < < 1
Proof. Let " ðxÞ be a di®erentiable function whose support belongs to the "-neighborhood of the boundary of , such that " j @ ¼ 1, j " j 1, and jj" According to the derivation of the terms of expansion (3.35) , the terms of the order " À1 and " 0 will vanish. As a result, taking into account (2.1)À(2.3), (3.28) , and the zero initial conditions for N and u ð2Þ , we obtain the following problem forr " ðx; tÞ: 
Now, using (H4), we establish the following estimate:
;;L 2 ðÞÞ c"; ð3:39Þ with c denoting, henceforth, a constant whose precise value is insigni¯cant and may change from line to line. Further, taking into account the above described properties of " , we obtain (cf. e.g. Refs. 5 and 29) Thus, applying Theorem 2.1 to problem (3.36)À(3.38) and using estimates (3.39) and (3.40), we obtain the following inequality:
Finally, we take into account that
to arrive at the claimed estimates.
Su±cient Condition for Regularity
In this section, we study the regularity properties of the terms of asymptotic expansion (3.1). In particular, we are interested in su±cient conditions for v to satisfy the assumptions of Theorem 3.3 above. The appearance of a long memory \integral term" in the homogenized equations (3.26) and (3.27) presents additional technical complications for the study of the regularity of v, N, and u ð2Þ . To simplify the matters, we prove here that the required regularity holds at least in a particular case. We expect that, essentially, the following argument can be adjusted to the general case, at the expense of conceptually rather straightforward although technically involved modi¯cations. Namely, we consider the case when the elastic and viscous characteristics are proportional, i.e. there exists a constant > 0 such that
In this case (2.1) takes the form
Moreover, the main corrector of the asymptotic expansion (3.1) is in this case given by
where, for any x in , the function g k ðx; Á; ÁÞ 2 H 1 ð0; ; H n Þ satis¯es the equation
The latter can be veri¯ed by direct inspection of (3.7)À(3.9) when (4.1) is held. Combined with expressions (3.27a) and (3.27b) for the homogenized coe±cientŝ A ij ; b B ij ; b D ij , andÊ ij , the latter formulae imply via (3.11)À(3.15):
Substituting these into (3.26) 
The lemma is known to hold in the case when the coe±cients b B ij are independent of time (see e.g. Ref. 14) .
We will use the Galerkin's method. which completes the proof of (4.5) and (4.6) for m ¼ 0.
(ii) Assume that (4.5) and (4.6) are valid for m ! 0 and let B ij 2 C mþ2 ð Þ; f ðkÞ 2 L 2 ð0; ; H 2mþ2À2k ðÞÞ; k ¼ 0; . . . ; m þ 1. Di®erentiate (4.7) with respect to t and then check that _ v satis¯es (4.7) with the right-hand side de¯ned by:
Relations (4.5) and (4. and therefore we deduce the assertion of the lemma by the Sobolev embedding. ð ; L 1 ðQÞÞ, and for all k ¼ 0; 1; 2; 3; f ðkÞ 2 L 2 ð0; ; H 6À2k ðÞÞ. Henceforth, we assume that these inclusions are valid. Proof. By taking account of (4.1) in (3.7) we check that for all ðx; tÞ 2 the function N 2 H . Thus we use the continuity of B ij on x and t with respect to the C 0; ðD m Þ-norm and that v, _ v 2 C 1 ð Þ, and we employ the same techniques as in the proof of Lemma 3.1 to prove that N, _ N 2 Cð ; C 1; 1 ðD m \ D ÞÞ and that r N, r _ N 2 Cð ; L 1 ðD ÞÞ. Similarly, we di®erentiate separately (4.11) with respect to x and t and we use that B ij 2 C 1 ð ; C 0; ðD m ÞÞ to check that there exists a constant 0 < 2 < 1, such that € N ; _ N x ; N x belong to Cð ; C 1; 2 ð D m \ D ÞÞ and that r € N , r _ N x ; r N x belong to Cð ; L 1 ðD ÞÞ, having denoted for brevity r x N by N x .
In the same way, by di®erentiating separately (4.11) two times with respect to t and x and using that B ij 2 C 2 ð ; C 0; ð D m ÞÞ we check that there exists a constant 0 < 3 < 1, such that the third time derivative N ð3Þ of N and N xx ; _ N xx belong to Cð ; C 1; 3 ðD m \ D ÞÞ for m ¼ 1; . . . ; L, and that r N ð3Þ ; r N xx ; r _ N xx belong to Cð ; L 1 ðD ÞÞ.
Thus we¯x so that Q & D . We deduce from the results above that N, _ N 2 C 2 ð ; C 1; ðD m ÞÞ for all m ¼ 1; . . . ; L, and that r N; r _ N 2 C 2 ð ; L 1 ðD ÞÞ, (here ¼ min 1 i 3 i ) . Now we will similarly study the problem of u ð2Þ in D that will be denoted by D 0 .
To be done, we use (4.1) to check that (3.22) 
We use the assumptions of the lemma and the above results concerning N to check that 
